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VISCOELASTIC  DAMPING  OF  VIBRATIONS  OF 
SANDWICH  PLATES  AND  SHELLS0 


YI-YUAN  YU1) 

1.  Introduction 

In  this  paper  we  shall  discuss  a  sequence  of  four  topics  which  culminate 
in  a  study  of  the  viscoelastic  damping  of  vibrations  of  sandwich  plates 
and  shells.  The  paper  is  thus  divided  into  four  parts.  In  the  first  part  a  new 
variational  principle  is  presented,  which  may  be  considered  as  a  generalized 
Hamilton’s  principle.  The  principle  is  made  use  of  in  the  second  part  of 
the  paper  in  the  derivation  of  the  complete  system  of  equations  for  a  sand¬ 
wich  cylindrical  shell,  which  are  reducible  to  those  of  a  sandwich  plate 
as  a  special  case.  The  way  the  equations  are  derived  is  also  new.  In  the 
third  part  of  the  paper  the  equations  of  the  sandwich  plate  and  cylindrical 
shell  are  used  to  investigate  the  undamped  vibrations  of  these  structures. 
Of  particular  interest  are  an  analysis  of  the  coupling  between  the  flexural 
and  extensional  motions  of  the  sandwich  cylindrical  shell  and  a  demon¬ 
stration  of  the  importance  of  transverse  shear  deformation  in  the  vibrations 
of  the  sandwich  plate  and  cylindrical  shell.  In  the  last  part  of  the  paper 
the  effectiveness  of  viscoelastic  damping  of  vibrations  in  the  sandwich 
plate  and  cylindrical  shell  is  investigated  through  the  use  of  the  concept 
of  the  damping  parameter. 

2.  Generalized  Hamiltons  Principle 

We  shall  carry  out  the  variation  in  the  following  equation: 

h  h 

6  J  Ldl  =  3$  (T—  U  ■+■  W)6.t  =  0  (1) 

_ h  u 
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where  L—T—  U-r  W  may  be  called  the  generalized  Lagrangian  function 
and 

T~  \~puMV, 

v 

U  —  |  ~~  aUcU  +  £)&¥  t 

v 

W  =  J/|K,.dK+  S  fail, dS+  J  Pi (m,  -  ut ) dS. 


Cartesian  tensor  notation  and  the  summation  convention  for  repeated 
indices  have  been  adopted.  In  the  above  equations,  q  is  the  density,  », 
the  displacement  vector,  el}  the  non-linear  strain  tensor,  atJ  the  Trcfftz 
stress  tensor,  etJ  arc  expressions  of  ctJ  as  functions  of  the  derivatives  of 
//„  E  is  the  strain  energy  density  which  is  assumed  to  exist  and  is  a  function 
of  c,j,  f  the  body  force,  and  pt  the  surface  traction.  In  addition,  t0  and 
fi  are  two  instants  of  time  /,  overdot  indicates  differentiation  with  respect 
to  /,  overbar  the  prescribed  vaiue  of  a  quantity,  V  the  volume  of  the  body 
under  consideration,  Sp  that  part  of  the  surface  S  of  the  body  on  which 
traction  is  prescribed,  and  Su  that  part  of  S  on  which  displacement  is 
prescribed. 

The  variations  of  the  displacements,  strains,  and  stresses  are  taken 
independently.  We  thus  have 


h  h 

6  5  7d/  =  5  d/  \  Qu,dutdV, 


I.  V 


6  J  Udt  —  J  dt  J  joi/dty  +  (eij  —  cij)Saij  —  |cri; —  8c~j  0) 

<5  J  Wdt  —  jj  [^/j<$i/(dF+  ^pldutdS+  J  (ut  —  i7,)(fy?jdS’j  dt.  (4) 

n  y  Sp  > Sy 

The  variation  of  the  displacement  5u{  will  be  assumed  to  vanish  at  t  =  t0 
and  /  =  tx  as  is  usual  in  Hamilton’s  principle;  the  first  term  on  the  right- 
hand  side  of  eq.  (2)  is  therefore  zero.  Since  etJ  are  expressions  involving 
the  derivatives  of  displacements,  they  can  always  be  represented  in  terms 
of  the  linear  strains  em„  and  rotations  o>m„: 

Sy  —  E\j\emn ,  (0MM)  (5) 
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with 

^nn  "  (}^m, it  ”f"  ^n,m) 

^nn  "2”  0 An.fl  ^n,  m)  (fi) 

where  subscripts  following  a  comma  indicate  differentiation  with  respect 
to  the  corresponding  coordinates.  Introducing  emn  and  <amn  and  making 
use  of  Gauss’  theorem,  we  find 


the  left-hand  side  of  which  has  appeared  in  eq.  (3)  and  in  which  dlm  is 
the  Kronecker  delta  and  v„  ~  cos  (v,  n).  By  virtue  of  eqs.  (2),  (3),  (4), 
and  (7),  eq.  (1)  becomes 


It  h 

+  jj  dljj  (etJ  -  e,j)  doydV  -j-  jj  d/  J  (w,  -  u,)  dp,dS  =  0.  (8) 

h  U  Su 

Since  the  variations  du„  detJ,  dal}  are  arbitrary  throughout  the  volume 
V  of  the  body,  du,  arbitrary  on  Sp,  and  dp,  arbitrary  on  Su,  their  coeffi¬ 
cients  in  the  five  integrands  in  eq.  (8)  must  vanish  independently,  which 
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yield  in  succession  the  stress  equations  of  motion,  stress  boundary  con¬ 
ditions,  stress-strain  relations,  strain-displacement  relations,  and  displace¬ 
ment  boundary  conditions.  Depending  on  the  form  of  these  may 
be  seen  to  represent  the  complete  system  of  equations  for  infinitesimal 
or  finite  elastic  deformations.  We  have  thus  proved  the  generalized 
Hamilton’s  principle,  which  may  be  stated  as  follows: 

‘‘The  displacements,  strains,  and  stresses  (defined  in  the  manner  of 
Trefftz)  over  the  time  interval  from.  /„  to  tx  which  satisfy  the  equations 
of  motion  and  the  stress-strain-displacement  relations  throughout  the 
volume  V  of  the’body  and  the  boundary,  conditions  of  prescribed  tractions 
over  Sp  and  prescribed  displacements  over  Su  are  determined  by  the 
vanishing  of  the  variation  of  the  time  integral  of  the  generalized  Lagrangian 
function  over  the  time  interval;  provided  that  the  variations  of  the  displace¬ 
ments,  strains,  and  stresses  be  taken  independently  and  simultaneously, 
that  the  variations  of  the  displacements  vanish  at  t0  and  tx  throughout 
the  body,  and  that  the  variations  of  the  displacements  and  stresses  be  in 
consistence  with  the  prescribed  boundary  conditions”.. 

Equations  (1)  and  (8). will  be  referred  to  as  the  generalized  Hamilton’s 
principle  and  generalized  variational  equation  of  motion,  respectively. 
If  the  variations  are  restricted  to  those  of  displacements,  eq.  (8)  is  seen 
to  reduce  to  the  ordinary  variational  equation  of  motion. 


3.  Equations  of  Sandwich  Plate  and  Cylindrical  Shell 

The  generalized  Hamilton’s  principle  and  the  associated  variational 
equation  of  motion  <are  most  general  in  that  they  are  applicable  to  finite 
as  well  as  infinitesimal  deformations.  In  the,  following  we  shall  make  use 
of  the  generalized  variational  equation  of  motion  in  the  derivation  of 
linear  equations  of  a  thin  sandwich  cylindrical  shell..  The  cylindrical  coordi¬ 
nates  .v,  s  =  aO  and  r  =  z  -f  a  are  employed.  They  are  in  the  longitudinal, 
circumferential,  and  radial  directions,  respectively,  of  the  shelf  whose 
middle  surface  has  the  radius  a.  In  the  radial  or  thickness  direction  the 
inner  face,  core,  and  outer  face  layers  of  the  shell  extend  from  z  =  —  h 
to  z  =  —ht,  z  =  —hx  to  z  —  hx,  and  z  =  hx  to  z  =  h,  respectively.  The 
core  thus  has  a  thickness  2 hu  each  of  the  two  face  layers  a  thickness  h2  — 
—  h—  liu  and  the  total  thickness  of  the  shell  is  2 h.  The  shell  is  closed  in 
the  ^-direction  and  has  a  length  /  in  the  x-direction. 

For  the  sandwich  cylindrical  shell  we  rewrite  eq.  (8)  in  its  linearized 
version  in  cylindrical  coordinates  as  .follows: 
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+[f %!+Sjt+¥+2-rL-^h 

,  \2«Z1  ,  «r ssl-tfwl  ,  ^rl  ,  0  L..  i 

+ Lit  ■ +  ~  7 —  +-|f +Tir-«‘"='J  ■>“=■} 

Xd-rd^/l  -T-4-jdz 

li  3 

-S*EH«  ^xxl^'x  “5"  ^sxl  "T"  Ojcjci'I'i  jPxi] 


Xd.vdsl 


<o  1=1 


+  [<W*  +  vs  +  ff=ji^  -Ai]  <5«ii 

T  foil**  +  CszlVs  +  <tXzlVz  ~Pzi]  tUzt}dS, 

t,  3 

+|  d/  ^  ^  j|  {[ixxi  —  (?-i  +  2 nl)cxxi  —  ?.i(essl  +  eszi)8exxl 

tg  1  =  1 

+  b«i  ~  (2i  +  2//,)eJsJ  —  2,  (c„,,4- 
+  bui  —  (2j  +  2fti)ezzt  —  2i(exxl  -f  e5Jj)]de„, 

+  +  bxii-/<i,ex.-i]^„i 

+  [<iSii  -/<i^ii]  ^c„,}dxdj  ji  +“-)dz 

+  “  ir]  fa’“ + [£"‘  _('af‘+T  I?)]  *'** 

+  [‘--fe+Trt]fc- 

+[«--fr+y^-^)Wto,'(,+T)d* 

fj  3 

*s*as  {bxi  -  «xl]<5  bxxl*',  +  CT„lVa  +  ff-x|Vj) 

lo  1=1  S* 

+  bii  -  usl]d(ffxsivx  +  asslvs  +  cr„,vz) 

+  bn  -  utl]d(axz[vx  +  atllv,  +  o^vjjds,  =  0  (9) 

where  the  subscript.  /  =  1,  2,  or  3  refers  to  the  co,re,  inner  or  outer  face 
layer  of  the  sandwich,  overbars  denote  prescribed  quantities,  and  S,  and 


[di<si 

,  a  8uxl\ 

\  8x 

r  Vs  /. 
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Su  denote  those  portions  of  the  surface  on  which  traction  and  displacement, 
respectively,  are  prescribed.  Other  notations  in  eq.  (9)  are  the  usual  ones. 
The  displacements  arc  assumed  in  the  form 

uxl  =  u  -f  ztp ,  ux2f  =  « Ir  lh  V>, 

uxl~v  +  :(p,  uti,  us3  -  v  ht  q>,  (10) 


U.i  —  ul3  —  Uz3  =-  li’ 

or 

».rl  =  wS?  +  -«4V  »  "*2  =  »x3  =  «j« . . 

M,I  =  *4i‘  -r  Stti? .  »ii  =  '4?.  ~  (1 1) 

»-l  =  Mji)  »  »-2  -  ««»  M*3  =  «-?■ 

The  face  layers  have  thus  been  taken  to  be  membranes.  In  a  consistent 
manner  the  strains  are  taken  as 


Cxxl 

p  —  r(0) 

tjrjc2  —  cXJt2> 

C**3 

—  c(°) 

c«l 

a 

r 

cSJ  +  rcJu*  > 

cjj2  "  ~y  cm  * 

Cil3 

—  ™  £<«> 

—  JT  tai3> 

=  c»» 

•*i 

.  +  «&!» 

C:;2  ~  4*2» 

CZl3  ~ 

=  4*1 

(12) 

_c«» 

+«a+yW?.+o. 

C*J2  : 

c(o) 

Lsx  2> 

C«3 

_  r(0) 
—  ‘-«3 

4-— c(0l 

“  ti*3> 

=  4?1» 

cxzt  —  0,  cxz3 

=  0, 

=  eg}. 

Cj*2  =  0*  cst3 

=  0. 

In  eqs.  (11) 

and  (12)  i4n)>  41)>  • 

..  are  the  shell-displacements,  ej$,  c^, ... 

the  shell-strains,  and  these  are  all  functions  of  .r  and  s  only.  The  shell- 
stresses  needed  arc  defined  as  follows: 

(4*1  •  a<xxl)  =  jj(T**((1  +y)(1>  “)  dz> 

“I 


bl 

(4?l,4]/)  =  5^,(1,  z)dz, 

°1 

bl 

(4“i  >  4ii)  =  5  orK ,  ( 1  +  -^j  ( 1 ,  z)  dr, 

°i 

bl 

(4%4‘D  =  z)dz,  (13) 


1 

5 


* 

t 


i 

i 


J 


o 


•I 
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bi 


which  are  also  independent  of  z  and  in  which  the  limits  of  integration 
cover  the  thickness  of  the  layer. 

To  derive  the  equations  of  the  sandwich  cylindrical. shell  we  substitute 
eqs.  (10)  or  (1 1)  and  (12)  into  eq.  (9),  carry  out  the  integration  with  respect 
to  z,  and  make  use  of  eqs.  (13)  together  with  the  assumption 

h'la*  <  1 

for  a  thin  shell.  Since  the  variations  of  the  shell-displacements,  strains, 
and  stresses  are  independent  and  arbitrary,  their  coefficients  in  the  various 
integrals  must  vanish,  and  the  complete  system  of  shell  equations  is  obtained. 
Thus,  the  stress  equations  of  motion  arc 

~  oe + + offi) + 4- wa + «s + «au 

4_  ~~si 

~  (offl + < + <®  +  ~ « + < + ogj) + MS!  +  «!"+ offi) 
+k|i  +^-)+k(i— y)-2(ei*i  +  fe*«W— 
jj  «>.  +  «S‘, + «) + "S + + “IS + »iS) 
+?f  (i  +~j  +?;(i  - -j-)  -  2fa4+«A)»  =  o.  (W) 

~  toffii + -  o) + wk + *,ms  -  «sa»  -  <>■ 

+?J*i|i  +  4)  -?r*i(i  “t)  ~  e‘  “  “  (Cl  T + 2e,*>*’)  v7“0' 
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4  M& + -  421)1 + ^  [<  f  ^(421  -  o£S>l 

4-421 +“(og  -421)  +/"a(i  +y)  -PTh^i  -~) 

-  (si  ^  +  2?,  /i|/jsJ  f  =  0, 

where  the  prescribed  surface  tractions  /»j,  />+,  pi-  are  those  at  the  outer 
boundary  r  =  h,  and  p£,  PJ,P;  those  at  the  inner  boundary  :=  — 
The  boundary  conditions  at  an  edge  .v  =  const,  are 


4®>,+< 


or  v  —  v. 


or  u’  =  tv, 


or  ip  —  ip. 


45i  +  4x2  Hr  4x3  =  jj  Px  (l  +  ~j  dr  or  u  =  u, 

-k 

4®  1  +  421  +  421  =  jj  Ps  | 1  +  ~ j  dr  or  v  ~  v, 

—  h 

4°A  +  421  Hb 421  =  jj  P:  1 1  +  dr  or  w  =  »*, 

-ft  '  ' 

4xi  *r  hi  (421  -  4x2)  =  jj  P*i  +~J-dr  (15) 

-Aj 

4-  h  jj |l  +--J  dr-  /ix  jj  +~j  dr  or  ip  = 

Aj  -ft 

4Vi  +  4(411  -  48*)  =  jj  /~51 1 1  H-  rdz 

-ft  I 

4*4  jj?l3( 1  -r™jdr  —  hi  ij  pj2|l+-^-)dr  or  <p  —  (p, 

!ft(  '  '  -ft  '  ' 

and  those  at  an  edge  s  =  const,  (for  an  open  shell)  are 

A 

421  +  4x2  +  42s  =  jj  4 dr  or  u  =  77, 

-ft 

A 

421  4-  4?2  +  421  =  jj  Ps  dr  or  w  =  7, 

-A 

A 

421  4-  421  +  421  =  J  4  dr  or  tv  =  tv, 
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hi  h  —ht 

-r  hi  (o£&  “  <*«:•)  =  $  Pxi  +  III  \  Px  3  dz  -  /?!  \  ^odr  or  f—y, 

-hi  hi  -h 

hi  h  -»h 

o£l  +  Ai(o£S  —  oJS’  =  \  Psifc  +  hi  \/>i3dz-//i  ^?i2dz  or  97  =  ^. 

-ft,  h,  -h 

(16) 


Likewise,  from  the  generalized  variational  equation  of  motion,  the 
relations  between  the  shell-stresses  and  shell-strains  are  found  to  be 


560 


DAMPING  OF  VIBRATIONS  OF  SHELLS 


4*1  = 

=  2x1/i1/i14zi>  O7) 

where  is  a  coefficient  introduced  for  the  purpose  of  adjusting  the  simple 
thickness-shear  frequency  of  the  shell  to,  its  value  given  by  the  exact  theory 
of  elasticity.  For  an  ordinary  sandwich  plate  or  cylindrical  shell  having 
a  weak  core,  the  valuc  of  may  be  taken  equal  to  1[3,  7].  For  a  single-lay¬ 
ered  plate  it  was  shown  by  Mindlin  [11]  that  the  value  of  this  coefficient 
is  n2/12- 

Finally,  the  relations  between  the  shell-strains  and  shell-displacements 
are  further  found  from  the  generalized  variational  equation  of  motion: 


/.(u)  _ 

r(D 

6xxi  ~ 

dx  ’ 

•"fx! 

dx  ’ 

essl  = 

, 

is  + 

uif 
a  ’ 

411  = 

f  (0)  _ 

ed) . 

_ 

fcxil  — 

dx  ’ 

txsl  ■ 

dx 

c(o)  _ 
csxl  — 

ds  ’ 

c(l)  _ 

•-IXl  - 

.  MV 

ds  ’ 

du[f 

_i_  „(i) 

r(0)  . 

Bui1?  { 

dx 

ts:  1  ' 

ds  H 

ds 


„(0) 

"ii’-T- 


(18) 


Equations  (14)  to  (18)  constitute  the  complete  system  of  equations 
for  the  sandwich  cylindrical  shell.  By  taking  a  —  oo  the  equations  reduce 
to  those  for  the  sandwich  plate.  By  taking  h2  =  0  these  equations  further 
become  those  for  a  homogeneous  plate  or  cylindrical  shell  including  the 
effect  of  transverse  shear  deformation.  The  stress  equations  of  motion 
and  boundary  conditions  in  eqs.  (14)  to  (16)  were  obtained  before  in  a  more 
general  non-linear  form  from  the  ordinary  variational  equation  of  motion 
[1],  which,  however,  could  not  yield  directly  and  simultaneously  the  stress- 
strain-displacement  relations. 


4.  Vibrations  of  Sandwich  Plate  and  Cylindrical  Shell 

The  vibrations  of  sandwich  plates  and  cylindrical  shells  have  been  inves¬ 
tigated  intensively  in  recent  years  [1-10].  One  important  conclusion  that 
was  reached  is  that,  for  a  sandwich  with  a  weak  core,  the  transverse  shear 
deformation  in  the  core  must  not  be  neglected.  This  will  further  be  demon¬ 
strated  below.  In  addition,  the  coupling  among  the  extensional,  transverse, 
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and  thickness-shear  motions  in  a  sandwich  cylindrical  shell  .executing 
axially  symmetric  vibration  will  be  explored,  particularly  in  relation  to 
the  vibrations  of  a  sandwich  plate,  in  which  case  the  cxtensional  motion 
is  uncoupled  from  the  flexural  (transverse  and  thickness-shear)  motion. 
Such  an  analysis  will  lead  to  some  new  and  simple  expressions  for  the 
frequencies  of  the  cylindrical  shell. 

Substitution  of  the  stress-strain-displaccment  relations  from  cqs.  (17) 
and  (18)  into  the  stress  equations  of  motion  (14)  converts  the-  latter  into 
the  displacement  equations  of  motion.  For  axially  symmetric  free  motions 
the  displacement  equations  may  be  shown,  after  some  simplifications, 
to  have  the  following  form: 

(m"  +“jf  w'j  =  2Ml  +  Qthju, 

W  +  w")  vv+'“wj  =  2 Mi  +  £?iAj)h’,  (19) 

+  ~2x1filhl(tp-bw')  =  (oi~  +  2n,h\h}jii>, 

where  the  primes  indicate  differentiation  with  respect  to  x.  Among  the 
simplifications  that  have  been  introduced  in  the  derivation  of  eqs.  (19) 
are  that  rzrh  >  1  and  Ex  is  negligible  due  to  the  assumption  of  a  weak  core 
and  that  the  contribution  of  ip  to  translatory  motion  and  that  of  u  to  rota¬ 
tory  motion  are  negligible.  Furthermore,  the  assumption  of  hx\ax  ^  1  for 
a  thin  shellhas  been  and  will  be  made  use  of  freely  wherever  applicable. 

For  a  sandwich  cylindrical  shell  having  simply  supported  edges  at 
x  —  0,  /  and  executing  axially  symmetric  vibration,  the  following  form 
of  the  shell-displacements  may  be  employed: 

m  =  U  cos-^e*°'s 

n-=  fFsinip0',  (20) 

xp  =  ^cos-—^01, 

where 

with  n  =  1,2,3...  designating  the  number  of  half-waves  in  the  length 
/  of  the  shell.  The  values  of  X  are  thus  discrete  for  a  given  finite  shell.  Equa- 
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lions  (20)  are  also  applicable  to  a  sandwich  cylindrical  shell  of  infinite 
length,  in  which  case  it  is  only  necessary  to  take  A  « InhlL,  L  being  the  wave¬ 
length,  The  parameter  A  then  has  a  continuous  variation  ranging  between 
0  for  infinitely  long  waves  and  x  for  infinitely  short  waves. 

The  frequency  equation  is  obtained  in  the  usual  manner  by  substituting 
cqs.  t20i  in  (19)  and  setting  the  determinant  of  the  coefficients  of  the  ampli¬ 
tudes  V,  ft',  W  equal  to  zero  The  result  is 

igt 

-  njK&t  W*)  -  rarh  *  *,;*J 

-4rirn[^,  (*i  r  rtrh A1)  -  xv/‘|  *  £iwr%rk -r  rsr*A*) 

-  U^rtrk a*J  J,  rtrk  ~  x,A»J 

-  (*»  ^  ~  »i)  -  «iA‘|  0,  (21) 

where 

Da  t  rQrk), 


The  subsenpt  u,  w  or  y  attached  to  the  dimensionless  frequency  parameter 
U  indicates  whether  the  particular  U  is  derived  from  the  w-t  or  y- 
term  in  eqs.  1 19). 

Equation  (2S)  is  cubic  in  U  and  for  a  given  shell  yields  three  frequencies 
for  any  value  of  A.  When  the  shell  is  of  infinite  length,  the  equation  deads 
to  three  real  continuous  branches  of  the  frequency  spectrum  for  the  full 
range  of  A.  When  the  shell  is  finite  and  simply  supported,  these  become 
three  families  of  discrete  frequency  values,  each  infinite  in  number.  In 
general,  the  cxtcnsional,  transverse,  and  thickness-shear  motions  corres¬ 
ponding  to  the  H’-,  and  y-terms  arc  coupled  together. 

For  A  --  0,  the  motions  become  uncoupled,  and  eq.  (21)  yields 


(22) 
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These  give  the  cut-off  frequencies  of  the  infinite  shell,  which  are  usually 
the  lowest  frequencies  obtainable  from  the  three  branches.  For  A  -*  no 
the  motions  again  become  uncoupled,  and  cq.  (211  gives 

“rt  •  V\/*«  *•»■«  -  Ipj,  (23) 

These  are  the  same  as  those  for  a  sandwich  plate,  as  the  wavelength  is 
now  extremely  small  It  is  seen  that  £4$  «  al*a?-  smaller  than  The 
latter  tn  turn  is  usually  smaller  than  Urit  although  the  reverse  can  be  true. 
On  the  other  hand,  since 

rirk  ^  yi*  rck<-- 

we  always  have 

'■>  Unto* 

For  hi  a  *  0  the  sandwich  cylindrical  shell  degenerates  into  a  sandwich 
plate,  and  eq.  (21)  becomes  uncoupled  into 

-0,  (24) 

i-Vr-Vf*  -UjxL  -  rtrkA*) 

-U+r^Ki A*  r  *  0.  (25) 

These  frequency  equations  arc  for  extcnsional  and  flexural  vibrations, 
respectively,  of  thephte  {4,  9).  The  cut-off  frequencies  for  A  -  0  are  now 
given  by 

U«  0.  0,  -  *'  (26) 

fc* 

which  arc  also  dcduciblc  from  cqs.  (22)  by  putting  h  a  0  TIte  value 
o  common  to  the  sandwich  plate  and  cylmdnca!  shell  corresponds 
to  Wanslatory  motion  m  the  x-direction  of  the  structure  as  a  whole  The 
value  £4-0  (/i*  o*)r4r*  for  the  sandwich  cylindrical  shell  corresponds 

to  a  ring-type  symmetric  motion,  which  in  the  case  of  the  plate  degenerates 
into  a  translator*  motion  of  the  plate  as  a  whole  in  the  transverse  direction 
The  frequency  for  the  sandwich  plate  is  thus  zero,  ns  given  by  cqs  (261 
Because  the  shell  is  thin,  its  simple  thickness-shear  frequency  !J+9  becomes 
essentially  the  same  as  that  of  the  sandwich  plate,  as  shown  by  eq*  (22) 
and  (26).  For  A  -»  x  cqs  (24)  and  (25)  for  the  sandwich  plate  also  yield 
cqs.  (23),  which  should  be  good  for  both  the  plate  and  shell,  as  was  pointed 
out  earlier. 

For  arbitrary  values  of  h!a  and  A  eq.  (21)  cannot  be  uncoupled  and 
the  three  roots  of  the  frequency  must  be  calculated  simultaneously  How- 
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ever,  if  vf  is  negligible  in  comparison  with  one,  which  will  be  assumed  to  be 
the  case,  cq.  (21)  does  become  separable  into  the  following  two  equations: 

(27) 

~  +  r,r*A*} 

~*Ve*(-£v*  +  *i**)  +  (*i  +  '*^*)  +  0.  (28) 

Equation  (27)  for  extcnsional  motion  of  the  shell  is  the  same  as  eq.  (24) 
for  the  sandwich  plate,  and  cq.  (28)  for  flexural  motion  is  reducible  to 
eq,  (25)  for  the  plate  on  putting  h ja  -■*  0.  The  latter  is  a  quadratic  equation 
and  may  be  solved  explicitly  to  give 


IKlh 


2 r, 


e* 


{*i  t  ~jfrtr/krekJ  +  (v*  -  xt^U* 

jj(*i  -  ka%  wjj  +  (rar* -  Xir^j 


-1  - 

4x*rgikA* 

.  ft* 

i  “  We*)  +  (V*  -*i '£*>**} 

(29) 


Now  the  fraction  in  the  square  root  in  eq.  (29)  is  always  much  smaller  than 
one  as  long  as  the  denominator  docs  not  become  very  small,  which  is  always 
true  m  ordinary  cases  in  which 


at  Wc*  >  0  or  U*  >  • 

In  fact,  even  when  the  fraction  in  cq.  (29)  often  is  still  small. 

With  exceptions,  therefore,  the  square  root  in  cq.  (29)  may  be  replaced 
by  the  first  two  terms  of  its  binomial  expansion.  After  further  simplification 
according  to  the  assumption  rtrkP  l.  the  following  results  are  obtained: 


11 


W 


h* 

o* 


rtrk  + 


*i 


h*  i, 

.  'jf’j.'Va  +  rtrk/. 

Q 


(30) 


Ut  -  -  (xA  -  ^ 

re* 

When  any  two  of  the  three  expressions  in  cqs.  (27),  (30),  and  (31)  yield 
approximately  the  same  frequency,  the  effect  of  coupling  becomes  strong, 
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and  these  equations  become  less  accurate.  Thus,  equating  and  Dw  in 
them  yields 

«  hfd 


near  which  value  eqs.  (27)  and  (30)  are  expected  to  yield  less  accurate 
frequency  values.  Similarly,  eqs.  (30)  and  (31)  become  less  accurate  near 
the  value 


rC»- 


which  is  obtained  by  equating  -Qw  and  Q+  in  these  equations,  but  which  is 
real  only  if  .Q*0  In  contrary  to  these  two  cases,  and  Dv  are  never 

equal  to  each  other  according  to  eqs.  (27)  and  (31). 

To  demonstrate  the  importance  of  transverse  shear  deformation  in  the 
core  of  the  sandwich  we  first  reduce  eq.  (30)  to  the  following  result  for 
a  sandwich  plate: 


_ 

l+V*4*/*i  * 


(32) 


Now  the  effect  of  transverse  shear  deformation  may  be  suppressed  by  putting 
y.i  —  oo,  as  this  will  make,  according  to  eqs.  (17), 


c«°> 

xrl 


/r<0) 

°J(ll 


2«i/x1Aj 


=  0. 


Suppressing  the  transverse  shear  effect  is  thus  equivalent  to  neglecting 
the  term  rsrfc2*/» j  against  one  in  eq.  (32).  But  this  is  seen  to  be  permissible 
only  when 

l/r2rh . 


With  /i  =  1  and  ).  —  nh/l  for  the  fundamental  frequency,  this  yields 

2/*//  2/7rj/(r2rA) . 

For  r2rh  =  100,  which  is  not  uncommon  and  is  in  fact  often  exceeded,  the 
thickness-span  ratio  of  the  sandwich  plate  has  to  be  limited  to 

2h/l  4  1/15.7. 

For  greater  value  of  r2rh  and  for  higher  frequencies  (n  =  2,3,...)  the 
limitation  becomes  even  more  severe.  The  limitation  can  be  somewhat 
relaxed  in  the  case  of  a  sandwich  cylindrical  shell  executing  symmetric 
transverse  vibration,  but  the  transverse  shear  effect  in  general  must  not 
be  neglected. 
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To  illustrate  the  use  of  eqs.  (27),  (30),  and  (31)  we  consider  the  numerical 
cases  in  which 


rQ  =  34.4,  rh  =  0.1,  r2  =  4790;  =  1,  r2  =  0. 

2%  =  0.1/30. 

While  2/i/a  =  0  refers. to  the  sandwich  plate,  2 h/a  =  1/30  is  for  a  sandwich 
cylindrical  shell.  The  results  of  eqs.  (27),  (30),  and  (31)  are  shown  in  Fig.  1, 
where  A  is  given  a  continuous  variation,  although  the  results  are  appli- 


Fig.  1.  Frequency  parameters. 

cable  to  simply  supported  sandwich  plates  and  cylindrical  shells  having 
finite  lengths  as  well  as  to  the  infinitely  long  ones.  For  the  cylindrical  shell 
the  )/.QH-and  -branches  do  not  actually  cross  each  other,  even  when 
r,  =  o.  They  appear  to  cross  each  other  only  because  of  the  approximate 
nature  of  eqs.  (27)  and  (30).  Precisely  speaking,  near  the  crossing  between  the 


DAMPING  OF  VIBRATIONS -OF  SHELLS 


567 


two  branches  where  1  —  hja  —  1/60  the  solid  curves  should  be  replaced 
by  the  dotted  ones  also  shown  in  the  figure,  and  the  j/.Q^branch  (or 
j/.Q„-branch)  to  the  left  of  the  crossing  ;should  be  connected  to  the 
branch  (or  }/.Qw-branch)  to  the  right  of  the  crossing.  In  other  words, 
the  solid  curves  given  by  cqs.  (27)  and  (30)  actually  serve  as  bounds  to  the 
true  branches  oFthe  frequency  spectrum  of  the  infinite  shell.  For  a  simply 
supported  finite  shell  for  which  /  takes  only  discrete  values,  the  true  picture 
is  not  distorted  as  much,  and  it  is  only  important  to  remember  that  the 
frequency  values  given  by  eqs.  (27)  and  (30)  are  not  so  accurate  for  values 
of  ).  near  hja  as  for  other  values  of  ?.. 

In  Figure  i  are  also  shown  the  results  for  with  the  effect  of  trans¬ 
verse  shear  deformation  neglected.  For  —  0.08  («  —  1,  2hjl  —  1/20, 
for  instance)  the  frequency  of  transverse  vibration  is  101  per  cent  too 
high  for  the  sandwich  plate  but  only  5  percent  too  high  for  the  cylindrical 
shell  when  the  transverse  shear  effect  is  neglected.  However,  for  2  =  0.16 
(>t  —  2  for  the  same  2hjl  —  20,  for  instance)  the  errors  increase  to  259 
and  72  per  cent  for  the  plate  and  shell,  respectively. 


5.  Viscoelastic  Damping  of  Vibrations 
For  damped  vibrations  the  displacements  in  eqs.  (20)  are  replaced  by 

u  =  U e~at ,  »’=...,  rp— ...  (33) 

The  logarithmic  decrement  &  is  then  given  by 

,  2n<x 
o  — - 

(O 

which  is  a  measure  of  the  damping  of  the  vibration  of  the  composite  plate 
or  shell.  The  change  from  eqs.  (20)  to  (33)  involves  the  replacement  of 
co  by  co+ iv.  —  o)(l+ idjlTt).  Equivalently,  the  frequency  parameter  Q 
may  be  replaced  by  i2(l+  /<5/2jt)2.  The  damping  property  of  a  viscoelastic 
material  is  specified  through  the  use  of  the  complex  modulus.  In  the  present 
study  this  involves  the  complex  moduli  of  the  core  and  face  materials 

MiO+igi),  -j— r0  +'&) 

which  replace  ^  and  £2/(  1  —  v§  in  the  undamped  case  and  in  which  gx 
and  g2  are  the  loss  factors  of  the  core  material  in  shear  and  the  face  material 
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in  extension,  respectively.  Equivalently,  the  parameters  xx  and  r2  in  the 
above  results  may, be  replaced  by  *i(l  +  igj  and  r.(l  +  &*). 

With  replacements  made,  eqs.  (27),  (30),  and  (31)  become 


a‘  ( '  ~  + 'it) = fi'k ;‘(1 + 'sS' 


iL+/ 

An1  ^ 


Xir2rh?*(l  +  igQCl  +  /&) _ 

«i(l  +  igO  +  rsrh  {?>  -  ~-rQk J  (1  +  /&) 

i  ■ ~  )  =  +  (Pi)  +  ^*»*A*(I  +  /&)] . 


It  will  now  be  assumed  that  b,  gu  and  g2  arc  small  cnoujgh  so  that  b2,  gf, 
gf,  and  gxg2  are  negligible  in  comparison  with  one.  The  real  parts  of  eqs. 
(34)  then  show  that  viscoleastic  damping  has  a  negligible  effect  on  the 
frequencies.  On  the  other  hand,  the  Imaginary  parts  of  these  equations 
when  divided  by  the  corresponding  real  parts  yield  the  following  results 
for  the  logarithmic  decrements: 

bu 


j.  g, 
W 


4. 

^  Q 

w 


gi  \  h' 


rtrh  + 


*1  +  1*1*1  A* 


--Mr 


A.  -  €3  i* 

.-r  Xi  +  rsrkAa 

Introducing  the  damping  parameters  A*,,  Art> ...  by  writing 

_  1.  „  1  /.  „  - 


^uigi  ■+■  kuigf 


we  find 


0,  A. 
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where 


vWl 


Aw*  ' 


#jf-j lre>) 

„  _ 

*frtrk& 


o 

—  w 


/l2 

~tr2rh  + 


/  Jt  v  *12 


+  *2  V-' 


/l2 


32  * 


2  — 


Vk& 


y-i  +  i‘«rh?.i 


Ow  m  —-rtr*  +  - 


«i  +  V  |/2- A-  rfi(;J 


(37) 


(38) 


The  concept  of  the  damping  parameter  is  a  useful  one.  Since  the  product 
between  a  damping  parameter  and  the  related  material  loss-factor  repre¬ 
sents  the  contribution  to  the  damping  of  the  composite  structure,  the 
former  is  a  measure  of  the  effectiveness  and  relative  importance  of  the 
associated  type  of  viscoelastic  damping.  The  sum  of  all  damping  para¬ 
meters  in  each  case  is  equal  to  one;  namely, 

kui  +  ku2  —  1  *  ...  (39) 


Equations  (39)  together  with  (35)  show  that,  if  the  loss  factors  in  a  certain 
case  are  equal  to  each  other  and  equal  to  g,  then  «5/.*r  in  that  case  is  also 
equal  to  g.  Since  the  loss  factors  arc  generally  not  the  same,  their  contri¬ 
butions  to  the  damping  are  weighted  according  to  the  ratio  between  the 
damping  parameters,  and  <5/.-r  cannot  be  larger  than  the  largest  loss  factor. 
It  is  also  noted  that  the  effectiveness  of  one  type  of  damping  will  increase 
at  the  expense  of  a  decrease  in  the  effectiveness  of  the  other  type.  On  the 
other  hand,  the  various  types  of  damping  may  supplement  each  other. 
Only  two  types  of  damping  have  been  considered  in  the  present  treatment, 
the  shear  damping  of  the  core  and  extcnsional  damping  of  the  face  layers. 
There  arc  occasions  in  which  more  than  these  two  types  have  to  be  taken 
into  account  (8]. 

To  induce  damping,  a  highly  viscoelastic  material  is  often  used  for  the 
core  of  a  sandwich.  But  shear  damping  of  the  core  is  seen  to  be  totally 
ineffective  for  the  extcnsional  vibration  of  a  sandwich  plate  or  cylindrical 
shell,  because  kkl  is  identically  zero  according  to  eqs.  (36).  Shear  damping 
is  also  not  very  effective  for  low-frequency  transverse  vibrations,  as  eqs. 
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(37)  show  that  A'**  diminishes  with  /..  On  the  other  hand,  it  is  not  difficult 
to  see  from  eqs.  (38)  that  shear  damping  is  most  effective  for  thickness-shear 
vibrations  when  the  frequency  is  near  the  simple  thickness-shear  frequency. 
This  is  so  because  the  type  of  motion  that  is  predominant  is  precisely  what 
is  needed1  for  shear  damping  to  develop  strongly.  Whenever  shear  damping 
is  not  effective,  extensional  damping  of  the  face  layers  may  be  resorted  to. 
If  the  face  material  has  only  a  very  small  loss  factor,  viscoelastic  damping 
layers  may  have  to  be  bonded  to  the  faces  of  the  sandwich,  but  this  will 
change  the  problem  to  a  radically  different  one. 

Among  eqs.  (36)  to  (38)  only  eqs.  (37)  depend  on  the  effect  of  curvature, 
which  makes  kwl  smaller  and  kw2  greater  than  the  corresponding  values 
for  a  sandwich  plate.  For  the  latter,  eqs.  (37)  reduce  to 


'sV- 


y.x  -r  r2rh).~ 


k, 


w» 


+  r.,rh/r 


Comparison  with  eqs.  (38)  reveals  that  we  now  have 


These  interesting  results  have  not  been  observed  before  and  hold  true 
only  for  the  sandwich  plate  but  not  for  the  cylindrical  shell.  They  indicate 
that  an  increase  in  the  effectiveness  of  damping  of  the  transverse  vibration 
is  always  accompanied  by  an  equal  decrease  in  the  effectiveness  of  damping 
of  the  thickness-shear  vibration,  the  increase  and  decrease  in  damping 
effectiveness  being  measured  in  terms  of  the  damping  parameters.  A  similar 
conclusion  may  be  drawn  for  the  sandwich  cylindrical  shell,  but  the  increase 
and  decrease  are  not  generally  equal. 

To  demonstrate  our  findings  on  viscoelastic  damping,  the  damping 
parameters  as  given  by  eqs.  (37)  and  (38)  have  been  calculated  for  the 
same  numerical  cases  discussed  before.  The  results  are  shown  in  Fig.  2, 
in  which  A'*t  or  kw2  is  measured  from  the  bottom;  line  to  a  curve,  and  A^2 
or  kKl  measured  from  the  top  line  to  the  curve.  Numerical  results  of  eqs. 
(36)  are  trivial  and  need  not  be  plotted.  In  addition  to  having  verified  the 
above  discussion  on  damping  parameters,  the  results  in  Fig.  2  further 
reveal  the  fact  that  shear  damping  contributed  by  a  viscoelastic  core  can 
be  quite  ineffective  for  a  sandwich  cylindrical  shell.  Such  is  the  case,  for 
instance,  when  ).  is  in  the  neighborhood  of  0.14,  for  which  Fig.  2  gives 


A'wl  =  0.13,  k^x  =  0.10. 


Neither  of  these  two  values  is  a  large  number. 
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